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1. Introduction

Let G = (V(G), E(G)) be a graph with vertex set V(G) = {vq, vo, ..., vy} and edge set E(G). All graphs considered here
are simple and undirected. Let matrix A(G) be the (0,1)-adjacency matrix of G and dy the degree of the vertex vy. The matrix
L(G) = D(G) — A(G) is called the Laplacian matrix of G, where D(G) is the n x n diagonal matrix with {d;, d>, ..., d,}
as diagonal entries (and all other entries 0). The polynomial Py (1) =det(ul — L(G)), where I is the identity matrix, is
called the Laplacian characteristic polynomial of G, which can be written as Py, (1) = qoit" + g1 4"~ + - - - + g,. Since the
matrix L(G) is real and symmetric, its eigenvalues, i.e., all roots of Py, (), are real numbers, and are called the Laplacian
eigenvalues of G. Assume that ;1 > up > --- > u,(= 0) are these eigenvalues; they compose the Laplacian spectrum of G.
Two non-isomorphic graphs are said to be cospectral with respect to the Laplacian spectrum if they share the same Laplacian
spectrum [1]. In the following, we call two graphs cospectral if they are cospectral with respect to the Laplacian spectrum.

Take two disjoint graphs G; and G,. A graph G is called the disjoint union (or sum) of G; and G,, denoted as G = Gy + G, if
V(G) = V(G1) |JV(Gy) and E(G) = E(Gy) |J E(Gy). Similarly, the product G; x G, denotes the graph obtained from G; + G,
by adding all the edges (a, b) witha € V(G;) and b € V(G,). In particular, if G, consists of a single vertex b, we write Gy + b
and G; x b instead of G; + G, and G; x Gy, respectively. In these cases, b is called an isolated vertex and a universal vertex,
respectively. A subgraph [1] of graph G is constructed by taking a subset S of E(G) together with all vertices incident in G
with some edge belonging to S. Clearly, the product graph G; x G, has a complete bipartite subgraph Ky, ,, where m and n
are the order of G; and G,, respectively.

Which graphs are determined by their spectra seems to be a difficult problem in the theory of graph spectra. Up to now,
many graphs have been proved to be determined by their spectra [2-8]. In [3], the so-called multi-fan graph is constructed
and proved to be determined by its Laplacian spectrum. Then, take the definition of the so-called multi-wheel graph: The
multi-wheel graph is the graph (G,, + G, + --- + G;,) x b, where Cy; + Gy, + - - - + Cy, is the disjoint union of circuits
Cppandk > Tandn; > 3fori=1,2,..., k. Note that the particular case of k = 1 in the definition is just the wheel graph
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Fig. 1. The cospectral graphs W7 and G.

Wi 41 = Gy, X bwith ny + 1vertices. In this paper, the wheel graph W, 1, except for W5, will be proved to be determined
by its Laplacian spectrum. This method is also useful in proving that the multi-wheel graph (C,, + G, + -+ + G;,) x b
is determined by its Laplacian spectrum, where k > 2. Here, we will skip the details of the proof for multi-wheel graphs.
In [9], a new method (see Proposition 4 in [9]) is pointed out, which can be used to prove that every multi-wheel graph
(Gy, + Gy, + -+ + G,) x bis determined by its Laplacian spectrum, where k > 2. But, for the wheel graph Wy, the new
method in [9] is useless.

2. Preliminaries

Some previously established results about the spectrum are summarized in this section. They will play an important role
throughout the paper.

Lemma 2.1 ([10]). Let G and G, be graphs on disjoint sets of r and s vertices, respectively. If (11 > uy > --- > u.(= 0) and
N1 > ny > --- > ns(= 0) are the Laplacian spectra of graphs G, and G,, respectively, thenr +s; (1 +S, 2 +5S, ..., Ur—1 +
S;m1+r,n2471,...,ns—1+1; and 0 are the Laplacian spectra of graph G; X G,.

Lemma 2.2 ([11]).

(1) Let G be a graph with n vertices and m edges and d; > d, > - - - > d, its non-increasing degree sequence. Then some of the
coefficients in Py, () are

1 n
Q=1 q=-2m g=2m'-m—_3 d
i=1

Gn1 = (=1)"'nS(G); g, =0

where S(G) is the number of spanning trees in G.
(2) For the Laplacian matrix of a graph, the number of components is determined from its spectrum.

Lemma 2.3 ([12]). Let graph G be a connected graph with n > 3 vertices. Then d, < .

Lemma 2.4 ([13,11]). Let G be a graph with n > 2 vertices. Thend; + 1 < u1 < dy + d,.

dn
nfdl

Lemma 2.5 ([14]).If G is a simple graph with n vertices, then mg(n) < | |, where mg(n) is the multiplicity of the eigenvalue

n of L(G) and |x] the greatest integer less than or equal to x.

Lemma 2.6 ([15]). Let G be the complement ofagraph G.Let 1 > puy = -+ > uy, =0and ;t; > wy > --- > [, = 0 be the
Laplacian spectra of graphs G and G, respectively. Then u; + [t,_; = nforanyi e {1,2,...,n— 1}.

Lemma 2.7 ([16]). Let G be a connected graph on n vertices. Then n is an eigenvalue of Laplacian matrix L(G) if and only if G is
the product of two graphs.

3. Main results

First, let us check that the graphs G and W5 in Fig. 1 are cospectral. By using Maple, the Laplacian characteristic
polynomials of the graphs G and W5 are both

w’ —24u8 423105 — 11400* + 3036p> — 41281 + 2240p.

That is, G and W5 are cospectral. Then, we will have the following proposition.
Proposition 3.1. The wheel graph W5 is not determined by its Laplacian spectrum.

Theorem 3.2. The wheel graph W, 1, except for W5, is determined by its Laplacian spectrum.
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Fig. 2. Graph with the degree sequence 4, 4, 4, 3, 3, 2.

Proof. Since the Laplacian spectrum of the circuit G, is 2 — 2 cos % (i=1,2,...,n),byLemma 2.1, the Laplacian spectrum
of Wy 41 is 3 — 2 cos % (i=1,2,...,n—1),and also 0 and n + 1. Suppose a graph G is cospectral with W, 1. Lemma 2.2
implies that graph G has n + 1 vertices, 2n edges and one component. Then, by Lemma 2.7, G is a product of two graphs.
Letd; > dy > --- > d,1 be the non-increasing degree sequence of graphs G. By Lemma 2.3,d, < u; < 5,i.e,d, < 5.
Lemma 2.4 implies thatd; +1<n+1<d;+d, <d;+5,i.e,n —4 < d; < n. Consider the following cases for d;.

Case 1. dy = n — 4. Since the multiplicity of the 4y = n+ 1is 1, by Lemma 2.5, 1 < Lnﬂdﬁiwj, i.e,, dyy1 > 5. Then,
dy =d; =--- =d, = dy1 =5, i.e, there exist at least n vertices of degree five in graph G. But, 5n 4+ (n — 4) # 2(2n), a

contradiction to Z?j d; = 2m, where m is the number of edges in G.

Case 2. d; = n — 3. Since the multiplicity of the 4y = n+ 1is 1, by Lemma 2.5, 1 < Lnﬂdjibj, i.e.,, dy11 > 4. Except
for the vertex of degree d; = n — 3, suppose there still exist x5 vertices of degree five and x, vertices of degree four in graph

G. Z?:ll d; = 2m implies the following equations:

Xs+x4+1=n+1
5xs + 4x4 + (n — 3) = 2 x 2n.

Clearly, x5 = 3 — n, x4 = 2n — 3 is the solution of the equations. But x5 < 0, a contradiction.

Case3.dy = n—2.Bylemma 25,1 < L#&LZ)J, i.e,, dy11 > 3. Except for the vertex of degree d; = n — 2, suppose
there still exist x5 vertices of degree five, x4 vertices of degree four and x5 vertices of degree three in G. Lemma 2.2 and

Zi": d; = 2m imply the following equations:

Xs+X4+x3+1=n+1
5xs +4x4 +3x3+ (n—2)=2 x2n
25x5 + 16x4 + 9x3 + (n — 2)* = n* + 9n.

Clearly, xs = 2n — 9, x4 = 20 — 4n, x3 = 3n — 11.Forn = 4, x5 < 0, a contradiction. Forn = 5,x5; = 1,butd; = 3 < 5,
a contradiction. For n > 7, x4 < 0, a contradiction.

Case4.dy = n— 1.ByLlemma 25,1 < Lnﬁdfiynle, i.e,, dy11 > 2. Except for the vertex of degree d; = n — 1, suppose

that there still exist x5 vertices of degree five, x4 vertices of degree four, x3 vertices of degree three and x, vertices of degree

two in graph G. Lemma 2.2 and Z?:ll d; = 2m imply the following equations:

Xs+X+Xx3+x+1=n+1
5xs +4x4 +3x3+2x;+ (n—1) =2 x 2n
25x5 + 16X4 + 9x3 + 4%, + (n — 1) = n®> + 9n.

By solving these equations, x4 = n — 3 — 3x5,x3 = 7 — n + 3x5,X;, = n — 4 — x5, where x5 is an integer. And
X3 > 0,x3 > 0,x4 > 0imply that max{"5%, 0} < x5 < min{’32, n — 4}. Clearly, "52 < n — 4 forn > 5. Therefore, if
n > 5,thenx, > 0, i.e., there must exist vertices of degree two in graph G. Note that G is a product of two graphs and G has
a complete bipartite subgraph Ky, m,, where my + m, = n + 1. Then, for n > 5, the existence of vertices with degree two
implies that the complete bipartite subgraph K, m, is Ky—1,2 or Ky 1. But for K, m, = Ky 1, there will exist a vertex with
degree n in graph G, a contradiction to d; = n— 1. Forn > 7, K,_1 , implies that there at least exist two vertices with degree
no less than n — 1, a contradiction. Consider the following cases for x5 and n < 5.

Case 4.1.xs = 0. Clearly, x4 = n — 3, x3 = 7 — n, X, = n — 4. Consider the following cases.

Case 4.1.1.n = 3. Clearly, x, = —1 < 0, a contradiction.

Case 4.1.2.n = 4.Clearly,d; = 3,x4 = 1, x3 = 3, x, = 0, but d;y = 3 < 4, a contradiction.

Case 4.1.3.n = 5. Clearly, dy = 4,x4 = 2,x3 = 2,x; = 1, i.e,, there exist three vertices of degree four, two vertices of
degree three and one vertex of degree two in graph G. All the graphs with three vertices of degree four, two vertices of degree
three and one vertex of degree two and with complete bipartite subgraph K; 4 have been enumerated; they are isomorphic
to the graph shown in Fig. 2. By using Maple, the Laplacian characteristic polynomials of the graphs G and W; are

Py () = u® —200° + 155u* — 580> + 10444% — 720y,
Prawg) () = p® —20p° + 155u* — 5804 + 10454 — 726L.

Clearly, they have different Laplacian characteristic polynomials, a contradiction.
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Case 4.2.x5 > 1.Clearly, for 3 <n < 5,x4 =n — 3 — 3xs < 0, a contradiction. o o

Case 5. d; = n.Since both G and W), 1 have the largest degree n, W;.1 = G, +band G = G’ + b, where ¢’ is an unknown
graph. Lemma 2.6 implies that G and W, are cospectral, i.e., C, and G are cospectral. Since the circuit C, is determined by
its Laplacian spectrum [6], so is its complement C,. Then, G’ is isomorphic to C,, i.e., G is isomorphic to W, ;. Therefore G is
isomorphicto W, 1. O

For a graph, its Laplacian eigenvalues determine the eigenvalues of its complement [15], so the complements of all the
wheel graphs W, 1, except for W, are determined by their Laplacian spectra.

4. Conclusion

In this paper, the wheel graph W, , except for W5, is proved to be determined by its Laplacian spectrum by showing
that a graph G cospectral to the wheel graph W, ; must have a universal vertex, and this is the key point of the paper.

We would like to close this paper by posing an interesting question. Since the wheel graph W, = C, x b forn # 6 and
the fan graph F, ;1 = P,, x b (see[3]) are proved to be determined by their Laplacian spectrum, C, and P, are also determined
by their Laplacian spectrum (see [6]); our question is that which graphs satisfy the following relation:

“If Gis a graph determined by its Laplacian spectrum, then G x b is also determined by its Laplacian spectrum.”

If G is disconnected, i.e., G has at least two components, then the above relation is true (see Proposition 4 in [9]). But, if G
is connected, it is known that only the complete graph Kj,, the circuit C;, with n # 6 and the path P, satisfy the above relation
until now.
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